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9 work by Higson,  Kasparov [HK] , Yu  [Yu]  and others. 
The aim of this thesis is  to explore a property which strongly links many 
of these  ideas:  exactness  of  a  group.  The importance of the  property of 
exactness can be visualised in the following diagram.  Full arrows represent 
proven facts.  Dotted arrows represent conjectures. 
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The top line of this diagram represents more geometric ideas which were 
linked together in  [Yu].  Yu  introduced an equivalent property to exactness 
called  Property A.  This  property  can  be  thought  of as  a  weaker  from  of 
F 0lner's condition which characterises amenable groups.  It implies that the 
group is  uniformly embeddable in a Hilbert space which in turn implies that 
the group satisfies the coarse BaLlIn  Connes Conjecture. 
9 It is  worth  noting that although we  know  that exactness also  directly 
implies Hilbert Space embeddability, the converse is  not knovvn  to be true. 
However in [GK2],  Guentner and Kaminker have introduced a new invariant 
called the  Hilbert  space  compression  of  a  group.  Roughly  speaking,  this 
measures the amount of distortion that necessarily occurs when embedding 
the group in a Hilbert space.  This invariant is  linked to exactness since they 
showed that if it is  strictly greater than 1/2, then the group is  exact, i.e.  its 
reduced C* -algebra is  exact.  However  the converse is  not true, since there 
exist exact groups for  which the Hilbert space compression is less  than 1/2. 
For example the wreath product of 2  with its own wreath product on itself, 
denoted 2 WT (2 WT 2), is  amenable and hence exact yet  its I-Iilbert  space 
compression is  less  than 1/2 [AGS,  Cor 1.10]. 
The bottom row represents more analytic ideas.  For example, amenable 
groups have an invariant mean and are known to be exact.  They also satisfy 
the Haagerup property,  namely that they admit a  proper isometric action 
on some affine Hilbert space.  The Haagerup property links back to both the 
Uniform embedding property and the Baum Cannes Conjecture. 
Exactness of a  group was first  defined  as a  property of the group's C*-
algebra.  However  more  recent  research  has shown  that  exactness can  be 
characterised by other criteria[GKEO][Yu] which allow a rnore geometric ap-
proach. 
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121 We will define Hilbert Space compression later, but note here that it is  a 
measure of the amount of distortion that is  necessary when trying to embed 
the group in a Hilbert Space via a large scale Lipschitz map.  Guentner and 
Kaminker illustrated their theorem by showing that the Hilbert Space com-
pression of a finite rank free group is  1 thus giving a new proof of exactness 
for  free  groups.  It should be noted that they did not construct an embed-
ding of the free  group in a  Hilbert Space with (asymptotic) compression 1, 
but rather, thinking of the group as a tree via its Cayley graph, produced a 
family of large scale Lipschitz embeddings with asymptotic compression ar-
bitrarily close to 1.  Those familiar with CAT(O)  complexes would recognize 
that the first of their embeddings (with asymptotic compression 1/2) can be 
used without change to embed the vertex set of a CAT(O) cube complex into 
a I-Iilbert Space with asymptotic compression 1/2 though this is  not in itself 
enough to establish exactness for a group acting on the cube complex.  Guent-
ner and Kaminker showed that in the case. of a  tree the embedding can be 
modified to obtain new embeddings with asymptotic compression arbitrarily 
close to 1. 
The main purpose of this note is  to show how to adapt the construction 
from  to the class  of unbounded,  finite  dimensional  CAT(O)  cube com-
plexes.  In the case of a  tree one  uses  the fact that there is  a  unique edge 
geodesic joining any two points in the tree;  the same is  of course not true 
for  CAT(O)  cube complexes of dimension at least 2 so  the embedding and 
the argument  need to  be modified appropriately.  In place of unique edge 
3 the  cube  complex should  be  unbounded  (which  was  only  inserted  in  the 
supporting results in  order  to  ensure that ,asymptotic compression can be 
defined) would be superfluous here. 
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